Abstract. We show how the ramification filtration on the maximal elementary abelian p-extension (p prime) on a local number field of residual characteristic p can be derived using only Kummer theory and a certain orthogonality relation for the Kummer pairing, even in the absence of a primitive p-th root of 1 ; the case of other local fields was treated earlier.
1. Introduction. -Let p be a prime number, and K a local number field or a local function field of residual characteristic p, so that K is a finite extension of Q p or of F p ((π)), where π is transcendental. Let M be the maximal elementary abelian p-extension of K, and G = Gal(M|K). The profinite group G comes with a natural filtration (G u ) u∈[−1,+∞[ (in the upper numbering). Local class field theory provides an isomorphism K × /K ×p → G preserving the filtrations and thereby determines (G u ) u .
But a more elementary derivation is possible. Namely, when K is a local function field, a certain orthogonality relation for the Artin-Schreier pairing allows us to determine the filtration (G u ) u in terms of the filtration on K/℘(K) [3] , §5. Also, when K is a local number field containing a primitive p-th root ζ of 1, the analogous orthogonality relation for the Kummer pairing allows us to determine (G u ) u in terms of the filtration on K × /K ×p [3] , §4.
The first purpose of this Note is to determine (G u ) u when K is a local number field but ζ / ∈ K. The idea is to determine the filtered subspace V ⊂ K(ζ) × /K(ζ) ×p corresponding to the exponent-p kummerian extension M(ζ)|K(ζ), and then use the orthogonality relation for the Kummer pairing G × V → p µ to deduce (G u ) u .
The subspace V is determined in §2 in a purely algebraic context. The filtration on V, the orthogonality relation, and the filtration (G u ) u are Keywords : Local fields, elementary abelian p-extensions, ramification filtration, discriminants, Serre's mass formula. derived in §4. An overall summary is provided in §5 to bring out the analogy between the three cases.
We then compute ( §6) the contribution of degree-p cyclic extensions to Serre's mass formula for separable degree-p extensions of K. It turns out that an extension of the ideas in §2 and §4 from K(ζ)|K to K( p−1 √ K × )|K, inspired by the paper [5] , also leads to an elementary proof of the said mass formula, based only on Kummer theory [2] or Artin-Schreier theory [3] and some purely algebraic ingredients. See [4] .
2. Algebraic preliminaries. -We shall need some purely algberaic results which are often used in the proof of the local [1, p. 155] or the global [6, p. 110 ] Kronecker-Weber theorem. Our presentation is intrinsic, and shows the equivalence of the statements in these two sources.
Let p be a prime number and let F be a field in which p is invertible. We want to understand the degree-p cyclic extensions of F in terms of those of K = F(ζ), where ζ is a primitive p-th root of 1.
Let E|F be a cyclic extension of degree p. The extension E(ζ)|K is also cyclic of degree p ; it corresponds therefore ("Kummer theory") to an
×p . The group ∆ = Gal(K|F) acts on the latter space. Let ω : ∆ → F × p be the cyclotomic character giving the action of ∆ on the p-th roots of 1, so that σ(ζ) = ζ ω(σ) for every σ ∈ ∆.
Sometimes we think of the target of ω as being the interval [1, p[ ⊂ Z. Let a ∈ K × be such that its imageā modulo K ×p generates D, and x a p-root of a, so that E(ζ) = K(x). We have σ(ā) = σ(a) for every σ ∈ ∆. We have to first show that σ(ā) ∈ D. Identify ∆ with Gal(E(ζ)|E). For every σ ∈ ∆, we have
Let η : ∆ → F × p be the character through which ∆ acts on D, so that, for a generator τ of ∆, we have τ (x) = bx η(τ ) for some b ∈ K × . Let g be the generator x → ζx of the group Gal(K(x)|K), so that g(ζ) = ζ. Hence τ (g(x)) = τ (ζx) = ζ ω(τ ) bx η(τ ) , on the one hand.
On the other hand, g(τ (x)) = g(bx η(τ ) ) = bζ η(τ ) x η(τ ) . But τ g = gτ ; comparing the two computations, we get η = ω. Cf. [1, p. 155].
Conversely,
Keep the notation of lemma 1. Notice first that the extension K(x) is galoisian over F, for it contains, for every σ ∈ ∆, a p-th root of σ(a),
|F) is commutative (it would then have to be cyclic because the orders of G and ∆ are relatively prime), the fixed field under the index-p subgroup would be the desired E.
Let us show that Gal(K(x)|F) is indeed commutative. We have seen that τ (x) = bx ω(τ ) (for some b ∈ K × ) and g(x) = ζx (for some
is a bijection of the set of degree-p cyclic extensions E|F onto the set of F p -lines D ⊂ V.
As usual, V can also be written as the image of a certain projector
, where m is the order of ∆, so that m divides p − 1. It is easily verified that τ ε = ω(τ )ε for every τ ∈ ∆ :
Upon multiplying both sides by ω(τ −1 ) and summing over τ ∈ ∆, we get ε τ ∈∆ ω(τ −1 )τ = mε, or ε.mε = mε, and, as m is invertible in F p , we get ε 2 = ε, showing that ε is an idempotent. (It is clear that ε(x) =1 for every x ∈ F × .)
In view of this, the preceding lemmas can be reformulated as follows, to bring out their equivalence with [6, p. 110 ]. LEMMA 4. -For every degree-p cyclic extension E|F, there is a unique
gives a bijection between the degree-p cyclic extensions of F and
Let us summarise. Let N be the maximal elementary abelian p-extension of F. The results of this § say that NK = K(
3. Notations. -The notation to be used in §4 has been collected here for reference, and will also be recalled as needed.
-F, ζ, K, ∆, ω, ε, V : F is a finite extension of Q p which is regular in the sense of Shafarevich : ζ / ∈ F ; so p = 2. Put K = F(ζ), and keep the notation ∆ = Gal(K|F), ω :
-e, f, e 1 : e is the ramification index of F|Q p , and f the residual degree. We put e 1 = e/(p − 1), which need not be an integer.
-m, s, r : s is the ramification index of K|F, and r the residual degree, so m = sr equals Card ∆ = [K : F]. In particular, r and s are prime to p. Notice that the ramification index of K|Q p is es and the residual degree f r. Also, e 1 s is an integer because K contains ζ.
-k, q, F r , k r : k is the residue field of F, q = p f is its cardinality, F r is the maximal unramified extension of F in K, and k r is the common residue field of F r and K. We have [ -̟, π, v, w : ̟ is a uniformiser of F, π is the uniformiser 1 − ζ of Q p (ζ), v is the valuation on F such that v(̟) = 1 and w is the valuation on K such that w(̟) = s.
-o, O, p, P, U i ,Ū i : Let o, O be the rings of integers of F, K and p, P their unique maximal ideals. The
×p comes with the filtration (Ū i ) i>0 , where U i = 1 + P i ; we also have O × =Ū 1 . We havē U i = {1} for i > pe 1 s, andŪ pe 1 s is a line [2, prop. 42 ].
-µ, n, ξ,μ : µ is the p ∞ -torsion subgroup of O × ; it is cyclic of order p n , and ξ is a generator. We have n > 0 by hypothesis, but n > 1 is possible.
× and ξ is a primitive p m -th root of 1. As [F :
. Finally,μ ⊂Ū 1 is the image of µ ; it is generated byξ.
.
is an increasing bijection of N * with the set of integers in N * prime to p. We shall go about it slowly, treating some special cases first in order to bring out the essential ideas. Almost the only thing we use is the fact that the unique ramification break of a degree-p cyclic extension of F occurs at −1 or at
With the notation introduced in §2, it is clear that V pi = V pi+1 for every i = e 1 s and that V pe 1 s+1 = {1} [2, prop. 42]. Let us show first that V ⊂Ū 1 and that it contains the linesμ,Ū pe 1 s .
. Suppose thatx ∈ V for some x ∈ K × , and let τ ∈ ∆ be a generator. By hypothesis, τ (x) = x ω(τ ) y p for some y ∈ K × . Taking valuations, we get w(x) ≡ w(x)ω(τ ) (mod. p), and, as ω(τ ) ≡ 1 (mod. p), we conclude that w(x) ≡ 0 (mod. p), and hencex ∈Ū 1 .
× be a unit of F the trace of whose reduction S k|F p (α) = 0 in F p . When α is considered as a unit of K, we have S k r |F p (α) = rS k|F p (α), which is still = 0, for r ≡ 0 (mod. p). The linē U pe 1 s is therefore generated by the image of 1 + αpπ, where π = 1 − ζ ; see the discussion after [2, prop. 33] . But for every τ ∈ ∆, we have
(recalling that πO = P e 1 s , pO = P es , e = (p − 1)e 1 ), which shows that τ (1 + αpπ) = (1 + αpπ) ω(τ ) β p for some β ∈ U 1 , and hence 1 + αpπ ∈ V.
Consider for a moment the special case F = Q p , so that e 1 = 1 and
in two different ways leads to the result.
on the one hand. On the other hand, asx ∈ V, we have Let ̟ be a uniformiser of F and recall that π = 1 − ζ, where ζ ∈ K is a primitive p-th root of 1. We have w(pπ̟ −1 ) = pe 1 s − s, so that pπ̟
is an O-basis of P pe 1 s−s .
Use this basis to identifyŪ pe 1 s−s /Ū pe 1 s−s+1 with k r = O/P, the residue field of K, by sending 1 + αpπ̟ −1 (α ∈
have the same residue field, every element of U pe 1 s−s /U pe 1 s−s+1 is represented by 1 + αpπ̟ −1 for some integer α ∈ F r . Now, τ (αpπ̟ −1 ) ≡ ω(τ )α q pπ̟ −1 (mod. P pe 1 s−s+1 ), from which it follows that τ (α) = ω(τ )α q for everyα ∈ k r . The ω-eigenspace for this new ∆-action on k r is thus k, the set ofα ∈ k r such thatα q =α.
But V pe 1 s−s /V pe 1 s−s+1 ⊂Ū pe 1 s−s /Ū pe 1 s−s+1 is the ω-eigenspace, hence it gets identified with k ⊂ k r , proving the lemma.
We shall need the following elementary fact.
LEMMA 8. -The number of prime-to-p integers in [1, pe 1 [ is e, and they are
where
Write e = (p − 1)c + c ′ , with c ∈ N and the remainder c
[ is rational, and
It is now clear that the number of integers in [1, pe 1 [ which are prime to p is pc + c ′ − c = e. That they are precisely b (1) , . . . , b (e) is left as an exercise.
Recall that the unique ramification break of a ramified degree-p cyclic extension L|F occurs at b We have already seen the case i = 1 of the first part in lemma 7, whose proof can be adapted to the case i > 1 by using the O-basis pπ̟ with k r (1) , the ∆-module k r with the action twisted by ω.
The case i = 1 of the second part is lemma 6, and the same proof works for i > 1. Indeed, let D ⊂ V pe 1 s−b (i) s+1 be an F p -line and suppose that the unique ramification break of the corresponding degree-p cyclic extension E|F occurs at some t < b 
to end finally with V pe 1 s−b (e) s = V. It follows that the F p -dimension of V is 1 + ef = 1 + [F : Q p ]. In short, the breaks in the filtration (V j ) j>0 occur at j = pe 1 s, where the order of the group drops by a factor of p, and at j = pe 1 s − b (i) s for every integer i ∈ [1, e], where the order drops by a factor of q = p f . Now let N be the maximal elementary abelian p-extension of F, so that NK = K( p √ V) (lemma 4). Let us briefly indicate how to compute the ramification filtration on G = Gal(N|F) using the preceding results, without any appeal to local class field theory.
In view of the the two cases treated earlier (finite extensions of Q p having a primitive p-th root of 1 [2] , local function fields [3] ), it is natural to look for an " orthogonality relation " for the pairing 
, and
under G × V → p µ, the pairing coming from the identification G → H.
Notice first that G u = G for u > −1, because the quotient Gal(F p |F) of G has its break at −1, where F p is the unramified degree-p extension of F. It follows that the index of G u ⊂ G −1 is > 1 for u > −1.
Let u ∈ ]−1, 1] and let E be a hyperplane containing G u , so that G/E is cyclic of order p. As the filtration on G/E is the quotient of the filtration on G, the ramification break of G/E occurs somewhere < u (because G u ⊂ E). But the only degree-p cyclic extension of F whose ramification break is < 1 is the unramified one. So E = V ⊥ pe 1 s is the only hyperplane containing G u . This implies that
; it suffices to show that every hyperplane E ⊂ G contains G u . Now G u ⊂ E if and only if the unique ramification break of G/E occurs somewhere < u. But this is true for every E, because u > b (e) . Hence G u = {1}.
It remains to determine G
. Take a line D = V pe 1 s in V and denote by t = −1 be the unique ramification break of G/D ⊥ , so that the unique ramification break of K(
As the two subspaces G u⊥ and V pe 1 s−⌈u⌉s+1 of V contain the same lines, they are equal. Note in particular that G b (e) ⊥ = V pe 1 s−b (e−1) s (lemma 9), which has codimension f in V (lemma 10). Now it is an easy matter to determine the filtration on G, knowing as we do the filtration on V.
COROLLARY 12. -The upper ramification breaks of (G u ) u∈[−1,+∞[ occur at −1 and at the b (i) for i ∈ [1, e] ; the codimensions are given by
where ⊂ f means "codimension f ". In particular, G pj = G pj+1 for every j.
This follows from prop. 11 and our knowledge of the filtration on V (lemmas 5-10).
It is also an easy matter to determine the filtration in the lower numbering on G. We have the following table for the index of
The e positive ramification breaks in the lower numbering occur therefore at
As in [3] , we have
COROLLARY 13. -The lower ramification breaks of (G l ) l∈[−1,+∞[ occur at −1 and at the b (i) for i ∈ [1, e] ; the codimensions are given by Local class field theory was needed in [3, after prop. 5] to compute the filtration on G and thereby obtain these values for the exponent of the different and the discriminant.
5. Overall summary. -Let p be a prime number, K a finite extension of Q p or of F p ((π)), M the maximal elementary abelian p-extension of K, and G = Gal(M|K). We have seen that it is possible to determine the filtration (in the upper numbering) on G using only Kummer theory in the local number field case, and only Artin-Schreier theory in the local function field case. In the former case -where G is finite -the lower numbering can also be determined. In the latter case, one can determine the lower numbering on the finite quotients of G.
Consider first a finite extension K|Q p (of ramification index e and residual degree f ) containing a primitive p-root ζ of 1. The filtration on
×p is easily determined and looks like 
This leads to the description
The ramification breaks in the lower numbering occur at −1, at the b (i) for i ∈ [1, e], and at b (e) + q e , where
Consider next a finite extension K|F p ((π)) (of residual degree f ). The filtration on K = K/℘(K) looks like 
For m ∈ N, the breaks in the lower numbering on K(℘ −1 (p −m )) occur at −1 and at b Consider lastly a finite extension K|Q p (of ramification index e and residual degree f ) not containing ζ, such as the F in §3-4, and put L = K(ζ). We have determined the filtered subspace V ⊂ L × ( §2, §4) lines D in which correspond to degree-p cyclic extensions E of K by the rule L(
. Lines in V correspond therefore to hyperplanes in G and lead to an orthogonality relation (prop. 11) which determines (G u ) u (cor. 12) and (G l ) l (cor. 13).
The information carried by V can be succintly expressed by posing
, where e 1 = e/(p − 1), s is the ramification index of L|K, and b (0) = 0 by convention. We then have the picture
the line W 0 corresponds to the unramified degree-p extension of K, and, for every i ∈ [1, e] and every line D ⊂ W i such that D ⊂ W i−1 , the unique ramification break of the corresponding degree-p cyclic extension E|K occurs at
6. The contribution of cyclic extensions. -Let p be a prime number, k|F p a finite extension, q = p f = Card k, and let F be a local field with residue field k. The preceding considerations can be applied to computing the contribution of cylic extensions to Serre's degree-p "mass formula" [8] .
Recall that the formula in question asserts that L q −c(L) = n, where L runs through totally ramified extensions of F (in a fixed separable closure) of degree n = [L : F], and c(L) = v F (d L|F ) − (n − 1). One may ask for the contribution of cyclic extensions to this formula ; the foregoing summary ( §5) makes it possible to compute it.
[In the case p = 2, every separable quadratic extension is cyclic, so the contribution should be 100% ; this has been verified in the characteristic-0 case [2, lemma 67]. We shall see that in the characteristic-2 case it amounts to the identity
Consider first the characteristic-p case.
. When L runs through ramified cyclic extensions of F of degree p, we have Consider next the characteristic-0 case of a finite extension F|Q p with ramification index e and residual degree f ; put e 1 = e/(p − 1) and q = p f .
PROPOSITION 15. -Suppose that F|Q p contains a primitive p-th root of 1. When L runs through ramified degree-p cyclic extensions of F, we have Ramified cyclic degree-p extensions L|F are of two kinds. If the unique ramification break t of Gal(L|F) is prime to p, then t = b (i) for some i ∈ [1, e] ; they are called peu ramifiées, correspond to lines in the F p -spacē U 1 other than the lineŪ pe 1 , and contribute the second term on the right in (2), as we saw in the characteristic-p case (prop. 14).
If, on the other hand, p|t, then t = pe 1 ; such extensions L|K are called très ramifiées and correspond to This follows easily from the last paragraph of §5 and the proof in the previous case. The only difference is that F now has no très ramifiées
